We study an inverse problem on the half-linear Dirichlet eigenvalue problem
Introduction
The subject under investigation is the half-linear eigenvalue problem consisting of 
where p >  with p = , and r is a positive function defined on [, ] . By [-], it is well known that the problem () has countably many eigenpairs {(λ n , y n (x)) : n ∈ N}, and the eigenfunction y n (x) has exactly n - nodal points in (,), say  = x (n)
(n) n = . In this paper, we intend to give the representation of the function r(x) and its derivatives in () by using eigenvalues and nodal points. This formation is treated as the reconstruction formula. Such a problem is called an inverse nodal problem and has attracted researchers' attention. Readers can refer to [-] for the linear case (p = ), and to [, ] for the general case (p > ).
In [, ] , inverse nodal problems on Both of them first used the modified Prüfer substitution to derive the asymptotic expansion of eigenvalues and nodal points and then gave the reconstruction formula of q(x) by using the nodal data. Note that the authors did not deal with the derivatives of q(x) in [, ]. Besides, the author in [] considered the same issue for the p-Laplacian energydependent Sturm-Liouville problem,
coupling with the Dirichlet boundary conditions. In [], Shen and Tsai studied the inverse nodal problem on the string equation y + λr(x)y =  with Dirichlet boundary conditions. They employed the standard difference operator to give a reconstruction formulas for r with separated boundary conditions
where  ≤ α, β < π , and gave a reconstruction formulas for q(x) and its derivatives, but they also mentioned that the formulas for r(x) and its derivatives in the string equation with () are still valid. They applied the difference quotient operator δ in the formulas. 
k ≤ x}, and the nodal length
The following is our first result.
Theorem  Consider () and suppose r is continuous on
for the sake of simplicity. Then the following asymptotic formula is valid:
Now, define the difference operator and the difference quotient operator δ as follows:
This δ-operator discretizes the differential operator in a nice way. It resembles the difference quotient operator in finite difference. For the derivatives of f (x), we have the following result.
Theorem  Consider () and suppose r is C
the sake of simplicity. Then as n → ∞,
This paper is organized as follows. In Section , we give the asymptotic estimates for eigenvalues. This step makes us know such quantities well. It is necessary to specify the orders of the expansion terms in the proofs of the main results. In Section , the proofs of the main theorems are given.
Asymptotic estimates for eigenvalues
Before we prove the main results, we derive the eigenvalue expansion. 
Proof Let y(x) be a solution of () and define a Prüfer-type substitution
Then a direct calculation yields
With each eigenvalue λ n of (), one can associate a Prüfer angle θ n (x) ≡ θ (x; λ n ) via () if one also specifies the initial condition θ n () =  for n = , , , . . . . In particular, θ n () = nπ p . Integrating both sides of () over [, ], one obtains
Note that if θ n (x) =  is valid in some subinterval of (, ),
) will be constant in this subinterval. This implies http://www.boundaryvalueproblems.com/content/2014/1/65 that the function r(x) depends on λ n in this subinterval from (). This will contradict our original problem. Hence, the points satisfying θ n (x) =  shall be isolated. Then, in ()
. Dropping the function variable t, one has the following:
is a π p -periodic function. Moreover, by integration by parts, () implies that
for sufficiently large n. Substituting ()-() into (), the eigenvalue estimates () can be derived.
Proofs of Theorems 1-2
Proof of Theorem  Let j = j n (x). By the Sturm comparison theorem for the p-Laplacian
where r M j and r m j are the maximal and minimal values of r on [x
In particular, for  ≤ j ≤ n -, we have
Moreover, by the continuity of f (x) and (), there is an ξ
On the other hand, by the mean value theorem and (), one also has
for some y j between x and ξ (n) j . Therefore, () and () complete the proof.
Before we prove Theorem , one has to derive the asymptotic behavior of f (x) at the nodal points. Note that the series in () is uniformly convergent on
j+ ] and applying (), one has
By the Taylor expansion theorem and integration by parts, we find
Hence, and it is also valid for k > . Finally, by () and (), we find f (ξ j ) = f (x j ) + O(  n ) and
Lemma  Let u ∈ C  . Then, for k = , ,
Moreover, if v ∈ C  , then for k = , 
Proof First applying the identity δ(a j b j ) = a j+ δb j + b j δa j , () and Lemma , one can obtain
The second part is similar to the one of the first part. So it is omitted here.
The following corollary is similar to [, Lemma .]. We give the proof for the convenience of the readers.
